We investigate electron-correlation effects in the g-factor of the ground state of Li-like ions. Our calculations are performed within the nonrelativistic quantum electrodynamics (NRQED) expansion up to two leading orders in the fine-structure constant α, α 2 and α 3 . The dependence of the NRQED results on the nuclear charge number Z is studied and the individual 1/Z-expansion contributions are identified. Combining the obtained data with the results of the all-order (in Zα) calculations performed within the 1/Z expansion, we derive the unified theoretical predictions for the g-factor of light Li-like ions.
INTRODUCTION
Measurements of the bound-electron g-factor in light H-like ions [1] [2] [3] provide one of the best tests of the bound-state QED theory as well as the most accurate determination of the electron mass [4] . Similar experiments on Li-like ions [5, 6] probe the QED theory of the electron-correlation effects. In future, a combination of gfactor experiments on Li-like and H-like ions can be used as a new way to determine the fine-structure constant α [7] .
The QED effects in the g-factors of few-electron atoms can be systematically treated within the two methods. The first method starts with the Dirac equation for the valence electron in a Coulomb field of the nucleus and accounts for the radiative and electron-electron interaction effects by perturbation theory. The expansion parameter for the electron-electron interaction is 1/Z (where Z is the nuclear charge number). This method accounts for all orders in the nuclear binding strength parameter Zα and thus is most effective for high-Z atoms. Extensive QED calculations of the g-factors of Li-like ions within the 1/Z expansion method were performed by Shabaev and co-workers [8] [9] [10] [11] [12] .
The starting point of the second method is the Schrödinger equation that includes both the electronnucleus and the electron-electron Coulomb interactions. The radiative and relativistic effects are accounted for by perturbation theory, with the expansion parameters α and Zα, respectively. This method is often denoted as the Nonrelativistic Quantum Electrodynamics (NRQED) approach, since the coefficients of the perturbation expansion can be derived systematically within NRQED. In contrast to the first method, the NRQED treatment accounts for all orders in 1/Z but expands in Zα and thus is most effective for low-Z atoms. Calculations of gfactors by this method were carried out by Hegstrom [13] and, more recently, by Yan [14, 15] .
The experiments on the g-factor of Li-like atoms have been so far performed in the intermediate region of Z, where the two methods are complementary to each other.
The optimal theoretical treatment in this region of Z can be achieved by combining them together. To this end, one would need to identify (i) the individual 1/Zexpansion terms in the NRQED calculations and (ii) the individual Zα-expansion terms in the 1/Z-expansion results. A combination of these results would then provide a unified theory. The goal of the present investigation is to make the first steps along this path.
In this work we perform the NRQED calculation of the leading relativistic (∼ α 2 ) and the leading QED (∼ α 3 ) corrections to the g-factor of the ground state of Lilike ions, extending previous calculations by Yan to a larger region of Z and improving the numerical accuracy. We identify the individual 1/Z expansion terms of these corrections. In particular, we obtain the higherorder electron-correlation contribution of the relative order 1/Z 3 and higher, thus removing one of the dominant sources of the uncertainty of theoretical predictions [12] .
I. NRQED APPROACH
Within the NRQED approach, the bound-electron gfactor of a light atom is represented as an expansion in powers of the fine-structure constant α,
where g e is the free-electron g-factor and g (n) are the binding corrections. The expansion coefficients g (n) can be further expanded in powers of the electron-to-proton mass ratio m/M ,
The interaction of a free nonrelativistic electron with a constant external magnetic field B is described by the Hamiltonian
where µ B = −e/(2 m) is the Bohr magneton, σ is the vector of Pauli matrices, s is the electron spin operator, κ is the anomalous magnetic moment of the free electron, which is connected to the free-electron g-factor by g e ≡ 2(1 + κ) = 2 + α/π + . . ..
Many years ago Hegstrom [13] derived the Hamiltonian describing the interaction of an atom with the magnetic field, which accounts for the leading relativistic, QED, and nuclear recoil effects. The resulting Hamiltonian is complete through orders of α 2 , α 3 , α 2 m/M , and α 3 m/M . The corresponding numerical calculations for Li-like atoms were performed by Yan [14, 15] .
In the present work, we address the leading relativistic and QED corrections to the g-factor of of Li-like atoms.
These corrections are induced by the effective Hamiltonian δH, which, for the case of the S states, can be simplified to take a very compact form,
where the indices a and b = (1, 2, 3) numerate the electrons in the atom.
Expectation values of the operators Q a are evaluated with the nonrelativistic wave function ψ. This function is the antisymmetrized product (A) of the spacial function φ and the spin function χ,
where σ z α(.) = α(.) and σ z β(.) = −β(.). Matrix elements of a spin-independent operator H, after eliminating spin variables, can be expressed as
Matrix elements of the spin-dependent operators are expressed as
where S = a s a and
The corresponding corrections to the g-factor are
We calculated the matrix elements (13) and (14) by using accurate variational wave functions in the Hyleraas basis. The method is described in our previous investigations [16] [17] [18] . Our numerical results for g (2) ∞ and g Tables I and II , respectively. The values listed in the tables were obtained by using the basis with the expansion parameter Ω = n 1 +n 2 +n 3 +n 4 +n 5 +n 6 = 12. The specified uncertainties were obtained by taking the differences of the results with Ω = 12 and 11. For lithium, we find good agreement with the previous calculations by Yan [14, 15] , our results being several digits more accurate. For lithium-like ions we observe small deviations outside of the Yan's error bars.
The leading relativistic correction of order α 2 can be expanded in 1/Z as follows
where H (2,−1) (Z) is the remainder function that incorporates all higher orders in 1/Z,
as Z → ∞. The leading coefficient of the expansion (15) follows from the hydrogenic limit summarized in Appendx A, whereas the second coefficient is derived in the present work. The higher-order coefficients were obtained by fitting the numerical results for g (2) ∞ , as described in Appendix B.
Our fitting results for the first higher-order expansion coefficients are c (2,0) = −0.128 204 (9) , c (2,−1) = 0.028 78 (46) . (16) We would like to stress that in order to achieve such precision of the fitted coefficients, it was important to have highly accurate numerical results for g
∞ for a sufficiently wide range of Z. In particular, if we apply the same fitting procedure to the analogous results of Yan [14, 15] , we get results consistent with Eq. (16) but much less accurate.
Using the result for c (2,0) from Eq. (16), we can extract the remainder function H (2,−1) (Z) from our numerical data for g (2) ∞ . The corresponding results are presented in the last column of Table I . The errors of the listed values of H (2,−1) come from the uncertainty of c (2, 0) . In the case of silicon, we obtain H (2,−1) (14) = 0.024 77 (13) , which agrees with but is more precise than the corresponding result of 0.024 4 (15) obtained by the ConfigurationInteraction Dirac-Fock (CI-DF) method in Ref. [12] . We note that H (2,−1) previously yielded one of the two main errors of the total theoretical g-factor predictions.
B. QED correction g (3) ∞
The leading QED correction of order α 3 can be expanded in 1/Z as follows
where H (3,0) (Z) is the remainder that incorporates the higher orders in 1/Z, H (3,0) → c (3, 0) as Z → ∞. The leading coefficient of the expansion (17) comes from the hydrogenic limit, Eq. (A2), whereas the second term was derived in Ref. [9] .
Using the known results for the first two terms of the expansion (17), we identify values of the remainder function H (3,0) (Z) from our numerical results for g
∞ , with the corresponding results presented in the last column of Table II . In particular, for silicon we obtain H (3,0) (14) = 0.022 467 9 , which agrees with the corresponding value of 0.0224 (10) , obtained in Ref. [9] by fitting the results of Yan [14, 15] .
Our fitting results for the first expansion coefficients of
These results can be used for estimating the H (3,0) (Z) function for higher values of Z.
We note that g
∞ is induced by the one-loop part of the anomalous magnetic moment (AMM), α/π. According to Eq. (5), analogous corrections due to the n-loop part of the AMM differ from g (3) ∞ only by a prefactor. In particular, the two-loop part of g
where A 2 is the two-loop contribution to the AMM defined in Eq. (A6).
The leading recoil correction of order α 2 m/M can be expanded in 1/Z as follows
where the leading coefficient follows from the hydrogenic limit, Eq. (A8), and H (2,1)
In the present work we obtain the remainder function and the coefficient c
by fitting the results of Yan [14, 15] . Our value for the coefficient
disagrees with the corresponding result of −0.825 (5) from Ref. [9] obtained by fitting the same results of Yan. We do not know the reason for this disagreement. Our fitting procedure was the same as used for the g
∞ and g (3) ∞ corrections and it reproduces well the analytical value of the leading coefficient in Eq. (20) . We also obtain the remainder function for silicon as
D. Radiative recoil correction g
The radiative recoil correction of order α 3 m/M can be expanded in 1/Z as follows
where the leading coefficient follows from the hydrogenic limit, Eq. (A8), and H (3,1)
In the present work we obtain the remainder function and the coefficient c by fitting the results of Yan [14, 15] . Our values for the coefficient and the remainder are 
II. RESULTS AND DISCUSSION
The summary of individual binding corrections to the g-factors of Li-like silicon, oxygen, and carbon ions is presented in Tables III, IV and V, respectively. The sum of all binding corrections gives the difference between the g-factor of the atom and the free-electron g-factor, g −g e , which may be compared to the experimental data and to other theoretical predictions by using the experimental value of the free-electron g-factor [19] , g e = 2.002 319 304 361 (6) .
In the tables, the columns labelled "LO" present results for the lowest-order (in Zα) parts of the corresponding corrections. The columns labelled "HO" contain results for the higher-order remainders, which are suppressed by a factor of (Zα)
2 as compared to the corresponding LO part.
The largest contribution to g − g e comes from the electron-electron interaction. The corresponding LO part is discussed in Sec. I A. The 1/Z 0 HO term comes from the hydrogenic limit, Eq. (A1). The 1/Z 1 HO term originates from the one-photon exchange diagrams, first calculated in Ref. [8] and reevaluated in this work to a higher precision. The 1/Z 2 HO term comes from the two-photon exchange diagrams, which were calculated to all orders in Zα in Ref. [12] . For silicon, we identify the 1/Z 2 HO term from the all-order numerical result of Ref. [12] . For oxygen and carbon, there were no results reported in there, so we estimate the 1/Z 2 HO term by scaling the silicon's result. E.g., for oxygen we obtain δg = −0.000 92 α 2 (8/14) 2 = −0.000 3 α 2 .
We ascribe the uncertainty of 50% to this estimation. The 1/Z 3 HO term is unknown; the corresponding uncertainty was estimated as the 1/Z 3 LO term multiplied by the ratio of the 1/Z 2 HO-to-LO terms, and by a conservative factor of 1.5.
The LO part of the one-loop QED correction is discussed in Sec. I B. The corresponding 1/Z 0 HO term comes from the hydrogenic limit, Eq. (A2). The 1/Z 1 HO term is induced by the screened QED diagrams, calculated to all orders in Zα in Refs. [11, 12] . For silicon, we take the result presented in Table II of Refs. [12] and identify the 1/Z 1 contribution by subtracting the 1/Z 2+ part taken from Table V of Ref. [9] . For carbon and oxygen, we scale the silicon result and ascribe a 100% uncertainty to this estimate. The 1/Z 2 HO term has not been evaluated yet. We estimated its uncertainty as the 1/Z 2 LO term multiplied by the ratio of the 1/Z 1 HO and LO terms, and by an additional conservative factor of 1.5.
The LO part of the recoil correction is discussed in Sec. I C. The only HO recoil contribution available today for oxygen and silicon is the (Zα) 4 m/M correction obtained in Ref. [11] in the hydrogenic limit (see Eq. (A8)). We note that a calculation complete to all orders in Zα was reported in Ref. [6] , but only for calcium. In the absence of such calculations for other ions, we estimate the uncertainty due to higher orders in Zα on the basis of the results available for the 1s state [20] .
The 1/Z 0 part of the two-loop QED correction is given by Eq. (A6), whereas the 1/Z 1+ part is described in Sec. I B. The finite nuclear size correction is taken from our previous investigation [21] .
In Tables III, IV and V, we summarize all known theoretical contributions to g − g e for Li-like silicon, oxygen, and carbon and compare the results with previous theoretical and experimental data. For silicon, we observe a very good agreement with the theoretical prediction by Volotka et al. [12] and with the experimental result [5] . Our prediction is slightly more accurate than that by Volotka et al., mainly because of the improvement in the 1/Z 3+ electron-correlation correction. For oxygen and carbon, we find a marginal agreement with the previous theoretical calculations of Glazov et al. [9] but improve their accuracy by a factor of 3 (oxygen) or 4 (carbon). The main difference between the results comes from the 1/Z 2+ electron-correlation correction, which was evaluated by the CI-DF method in Ref. [9] and by the NRQED method in the present work.
The largest uncertainty of our theoretical prediction for silicon stems from the 1/Z 1 part of the one-loop QED effect, also known as the screened QED correction. The corresponding uncertainty is the estimated error of the numerical evaluation [12] , which can be improved by dedicated calculations. For oxygen and carbon, the largest theoretical error comes from the 1/Z 2 part of the electron-electron interaction correction. This error can be eliminated by extending the all-order calculation of the two-photon exchange diagrams by Volotka et al. [12] to lower-Z ions, or by performing the NRQED calculations of the next-order α 4 effect. Summing up, we have performed NRQED calculations of the electron-correlation effects to the g factor of the ground state of Li-like atoms. By fitting the Z dependence of the NRQED results for the α 2 and α 3 effects and the corresponding recoil corrections, we have identified their individual 1/Z-expansion contributions. Combining the obtained data with the results of the all-order (in Zα) calculations performed within the 1/Z expansion, we have derived unified theoretical predictions for the gfactor of light Li-like ions and improved the theoretical precision. The g-factor of the ground state of a Li-like atom in the hydrogenic limit (i.e., neglecting the electron-electron interaction) coincides with the g-factor of the 2s state of the corresponding H-like ion. In this section we summarize the theory of the g-factor of the hydrogenic 2s state.
The relativistic value of the 2s g-factor is obtained from the Dirac equation, with the (point-nucleus) result
The one-loop QED correction (for the point nucleus) is [22] [23] [24] 
where b
(1) 40 = −11.774 382 27 [23, 24] and H(Zα) is the remainder function that incorporates all higher orders in Zα. The self-energy part of the remainder function was obtained numerically in Ref. [25] ,
SE (6α) = 22.48 (1) , H 
The vacuum-polarization part of the remainder function consists of the so-called electric-loop and magnetic-loop parts. The electric-loop part is relatively simple and evaluated numerically by many authors, e.g., by us,
VP,el (6α) = 1.46 , H 
whereas the magnetic-loop part is given by [26, 27] 
The two-loop QED correction is
where A 2 = −0.328 478 444 00 . . . is the two-loop contribution to the electron anomalous magnetic moment and b
40 = −17.157 236 58 [23, 24] . The last term O((Zα) 4 ) in Eq. (A6) is the light-by-light scattering contribution recently calculated in Ref. [28] .
The three and higher-loop QED corrections can be summarized as
where [29, 30] A 3 = 1.181 234 017 . . . , A 4 = −1.912 245 765 . . . , A 5 = 7.79 (34) .
The recoil correction, including the second-order recoil O((m/M )
2 ) and the radiative recoil O(α m/M ), is [9, 22, 31, 32] 
The finite nuclear size correction including the corresponding QED contribution is
where γ = 1 − (Zα) 2 and R sph = 5/3 R the radius of the nuclear sphere with the root-mean-square radius R, and the remainder functions H (0,2+) N and G NQED were evaluated in Refs. [7, 21, 33] . In this section we describe the fitting procedure used for the identification of the coefficients of the 1/Z expansion.
The general task is to fit a data set of n points (Z i , F i ), i = 1, . . . , n, to the following model function with N (N < n) parameters,
where a is the exponent of the leading term of the 1/Z expansion.
In order to find the optimal values of the fitting parameters c k , we use the weighted least-squares regression. Specifically, we minimize the functional
where δF i are the numerical errors of F i and σ N (Z) is the estimate of the error due to the truncation of the 1/Z expansion in the fitting function, taken as the last term of the fitting ansatz divided by Z,
In practice, we make our fit in two steps. First, we perform the least-square regression without weights. The obtained value of the c N −1 coefficient is then used for the estimation of the truncation error in the weighted least-square regression performed on the second step.
In the cases relevant for the present work, one or two first coefficients of the 1/Z expansion are known analytically. We use this fact in order to access the errors of our fitting procedure. First, we treat one of the known coefficients as a free fitting parameter and select three different fitting functions that give the best approximation to the known result. After that, we set the known coefficients to their exact values, perform the fit with the three fitting functions, and finally take the average of the three results and the maximal deviation between them as the final value and its error, respectively.
Fitting the results for the α 2 and α 3 corrections (whose numerical accuracy is very high), we used fitting functions with 8-10 parameters. For the recoil corrections (whose accuracy is much lower), we used 5-6 fitting parameters. . "LO" denotes the lowest-order (in Zα) contribution of the corresponding correction, to be multiplied by the prefactor specified in the second column. "HO" denotes the higher-order (in Zα) contribution, to be multiplied by the prefactor specified in the second column. δg denotes the contribution to the g-factor, obtained as the sum of the lowest-order and the higher-order contributions, multiplied by the prefactor. Nuclear parameters used in the calculation are: M/m = 50 984.832 73 and R = 3.1224 (24) fm.
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